Quasinormal modes and absorption cross sections of Born-Infeld-de Sitter
  black holes by Breton, Nora et al.
ar
X
iv
:1
70
3.
10
07
0v
2 
 [g
r-q
c] 
 31
 M
ar 
20
17
NKU-2017-SF2
Quasinormal modes and absorption cross sections
of Born-Infeld-de Sitter black holes
Nora Breto´n 1,
Dpto de F´ısica, Centro de Investigacio´n y de Estudios Avanzados
del I.P.N., Apdo. 14-740, Mexico City, Mexico.
Tyler Clark 2, & Sharmanthie Fernando 3
Department of Physics, Geology & Engineering Technology
Northern Kentucky University
Highland Heights, Kentucky 41099, U.S.A.
Abstract
In this paper, we have studied QNM modes and absorption cross sections
of Born-Infeld-de Sitter black holes. WKB approximation is employed to com-
pute the QNM modes of massless scalar fields. We have also used null geodesics
to compute quasi-normal modes in the eikonal approximation. In the eikonal
limit QNMs of black holes are determined by the parameters of the circular null
geodesics. Unstable circular null orbits are derived from the effective metric
which is obeyed by light rays under the influence of a nonlinear electromagnetic
field. Comparison is shown with the QNM of the linear electromagnetic coun-
terpart, the Reissner-Nordstro¨m black hole. Furthermore, the null geodesics
are employed to compute the absorption cross sections in the high frequency
limit via the sinc approximation.
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1 Introduction
It is well known that the self-energy and the electric field diverges for a point charge
in Maxwell’s electrodynamics. In 1934, Born and Infeld developed a theory of non-
linear electrodynamics in order to obtain a finite value for the self-energy of a point
charge [1]. The action for the Born-Infeld electrodynamics coupled to gravity with a
cosmological constant is given by,
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1
S =
∫
d4x
√−g
[
R− 2Λ)
16πG
+ L(F )
]
(1)
where the function L(F ) is given by,
L(F ) = 4b2

1−
√
1 +
F
2b2
− G
2
16b4

 (2)
Here, F = F µνFµν and G = F˜
µνFµν . The dual tensor F˜µν is given by,
F˜µν =
ǫµνρσF
ρσ
2
√−g (3)
b in the action is a parameter of the Born-Infeld non-linear electrodynamics and
has the dimensions length−2. When b → ∞, the Lagrangian L(F ) → −F which
corresponds to Maxwell’s electrodynamics. In flat space, the electric field strength
E in Born-Infeld electrodynamics is given by, E = Q/
√
r4 + Q
2
b2
which is finite at
r = 0. Among the appealing features of Born-Infeld electrodynamics include, the
finiteness of energy density of charged particles, its relation to string theory, the
electro magnetic duality [2], its exceptional properties of wave propagation and the
absence of birefringes [3] [4].
In recent years, Born-Infeld theory has attracted considerable attention due to
its role in string theory. For example, Leigh [5] showed that the low energy dynam-
ics of D-branes could be described by a Dirac-Born-Infeld type action. The action
for a massless vector field in open superstring theory is given by a modified Born-
Infeld action as discussed by Tseytlin et.al. [6] [7]. Bergshoeff et.al. [8] showed that
one-loop approximation to sigma-model perturbation theory of gauge fields in open-
superstrings lead to the Born-Infeld action. A review of the Born-Infeld theory and
string theory can be found in [9].
There are many interesting black hole solutions and physics related to Born-Infeld
electrodynamics in the literature. Asymptotically flat charged black hole solutions in
Born-Infeld gravity and the geodesics were presented by Breto´n in [10]. Test particle
motion around Born-Infeld black holes were studied by Linares et.al. [11]. Null
geodesics of Born-Infeld black holes were studied by Fernando [12].
Stability and quasi-normal modes of the asymptotically flat charged black hole in
Born-Infeld gravity were studied by Fernando et.al. in [13][14][15]. Nariai black holes
of Born-Infeld black holes in de Sitter space were studied by Fernando [16]. Energy
decomposition in Born-Infeld charged black hols were presented in [17] and the energy
extraction from the Born-Infeld black holes was studied in [18]
Melvin universe in Born-Infeld electrodynamics was studied by Gibbons and Herde-
rio [19]. Charged black hole solutions in Lovelock-Born-Infeld black holes in 5 dimen-
sions were studied by Aiello et.al [20]. Attractor mechanism for extreme black hole
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solutions in Einstein-Born-Infeld-dilaton gravity was studied in [21]. There are sev-
eral works to present black hole solutions in Born-Infeld theory coupled to Einstein
gravity with a cosmological constant [22][23][24][25].
Studying quasi normal modes (QNM) of a black hole is an well established subject.
When a black hole is perturbed by fields of various spins or by perturbing the metric,
there are oscillations with complex frequencies. Such frequencies depend only on the
black hole and the corresponding field parameters. When two black holes merge, as
the historic event that occurred in 2015 creating gravitational waves, the intermediate
signals correspond to the QNM’s [26]. Hence, it would be important to calculate
QNM frequencies in alternative theories such as general relativity coupled to Born-
Infeld theory to see if there are deviations from the usual general relativity coupled
to Maxwell’s theory. Hence there is strong motivation to study and calculate QNM’s
of black holes in theories such as Born-Infeld-de Sitter black holes. There are many
works in the literature to compute QNM frequencies of variety of perturbations. For
example, QNM frequencies of canonical acoustic holes (black hole analogue) were
calculated by Dolan et.al.[27]. QNM’s of regular black hole with a magnetic charge
were calculated by Li et.al.[28]. A comparison of different cosmological models were
done using QNM’s of the Schwarzschild-de Sitter black hole by Chirenti et.al.[29].
QNM’s of Schwarzschild black holes were calculated by a matrix method by Lin and
Qian[30]. A “generalized continued fraction method ” was employed to compute QNM
frequencies of an extreme Reissner-Nordstrom and Kerr black hole by Richartz [31].
A new approach, “Asymptotic Iteration Method” was used to calculate black hole
QNM’s by Cho et.al.[32]. There are several works on QNM’s of de Sitter black holes
by Konoplya [33][34][35][36]. There are so many works on this topic that there is not
sufficient space to mention all of them here; there is an excellent review on QNM’s of
black holes and black branes by Berti et.al.[37].
In this paper we are interested in computing QNM’s and absorption cross sec-
tions of Born-Infeld black hole with a cosmological constant. As is well known, the
current universe is expanding at an accelerated rate [38][39][40][41][42]. The simplest
explanation for the acceleration is the existence of a cosmological constant. Hence it
becomes timely to study black holes with a cosmological constant.
The paper is organized as follows: In section 2, an introduction to the Born-
Infeld-de Sitter black hole is given. In section 3 the massless scalar field perturbation
is introduced. In section 4, the QNM frequencies are calculated via the WKB approx-
imation for various parameters of the theory. In section 5, the QNM’s are calculated
via the null geodesics of the Born-Infeld-de Sitter black hole. In section 6, the ab-
sorption cross section via the null geodesics are computed and presented. Finally, the
conclusion is given in section 7.
3
2 Introduction to Born-Infeld-de Sitter black holes
In this section, we will present the Born-Infeld-de Sitter black hole solutions and
some important properties. The metric of the static charged, spherical symmetric
black hole derived from the action in eq.(1) for F 6= 0 and G = 0 is given by,
ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2θdϕ2) (4)
with,
f(r) = 1− 2M
r
−Λr
2
3
+
2b2
3
[r2−
√
r4 +Q2/b2]+
2Q2
3r
√
b
Q
F
[
arccos
(
r2 −Q/b
r2 +Q/b
)
,
1√
2
]
,
(5)
We have used the elliptic function F in the above equation. In the literature, the
function f(r) is also written in terms of the Hypergeometric function 2F1. For the
sake of completeness we want to point out that the relationship between the elliptic
function and the hypergeometric function is given as follows:
∫
∞
r
ds√
Q2/b2 + s4
=
1
r
2F1
[
1
4
,
1
2
;
5
4
;− Q
2
b2r4
]
=
1
2
√
b
Q
F
[
arccos
(
r2 −Q/b
r2 +Q/b
)
,
1√
2
]
,
(6)
The parameters in the metric are as follows; M is the mass, Q is the electric charge,
b is the non-linear parameter and Λ is the cosmological constant. The electric field
strength for the black hole space-time is given by,
E =
Q√
r4 + Q
2
b2
(7)
In the limit b→∞, the metric functin f(r) can be expanded to give,
f(r)RN = 1− 2M
r
+
Q2
r2
− Λr
2
3
(8)
which is the function f(r) for the Reissner-Nordstrom-de Sitter black hole for Maxwell’s
electrodynamics. When r → 0, the function f(r) has the behavior,
f(r) ≈ 1− (2M − α)
r
− 2bQ+ r
2
3
(2b2 − Λ) +O(r3) (9)
Where,
α =
1
3
√
b
π
Q3/2Γ
(
1
4
)2
(10)
The singular nature of the black holes depends on the relative values of the parame-
ters M and α, as described below:
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Case 1: (M > α
2
)
In this case, for r → 0, f(r) → −∞; the black hole will behave similar to the
Schwarzschild-de Sitter black hole as given in the Fig(1). It is possible to have two
horizons, an event horizon (rh) and a cosmological horizon(rc). It is also possible to
have extreme black holes with one degenerate horizon. For large masses, there won’t
be any horizons and there will be naked singularities.
Case 2: (M < α
2
)
Here, for r → 0, f(r) → ∞; the behavior of the black hole will be similar to the
Reissner-Nordstrom-de Sitter black hole (RNdS black hole) as shown in Fig(2). As
one can observe, there are many possibilities for this geometry. First, it is possible to
have three horizons with the largest one being the cosmological constant. It is possi-
ble to have extreme black holes where there are only two horizons exists. For special
parameters, a degenerate horizon exists with one horizon. All these possibilities are
given in Fig.(2).
Case 3: (M = α
2
)
Here, for r → 0, f(r)→ (1− 2Qβ); f(r) is finite at r = 0 and single valued as given
in Fig.(3). The Kretschmann scalar diverge at r = 0 for these black holes; so, the
singularity exits.
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Figure 1: The figure shows f(r) vs r when M > α
2
. Here, Λ = 0.5, b = 1.4 and
Q = 0.2308
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Figure 2: The figure shows f(r) vs r when M < α
2
. Here, Λ = 0.5, b = 1.4 and
Q = 0.63079
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Figure 3: The figure shows f(r) vs r when M = α
2
. Here, b = 1.5
In comparison with the Reissner-Nordstrom-de Sitter black hole, the geometry
seems to be different mostly closer to the horizons as shown in Fig(4).
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Figure 4: The figure shows f(r) vs r for BIdS and RNdS black holes. Here M =
0.593, Q = 0.6,Λ = 0.45 and b = 1.4
3 Massless scalar field perturbations
In this section, we will focus on perturbations by a minimally coupled massless scalar
field in the fixed background of the Born-Infeld-de Sitter black hole (BIdS black hole).
The equations of motion of the minimally coupled scalar field is given by the Klein-
Gordon equation, ▽2Φ = 0. The scalar filed Φ can be decomposed to its partial
modes in terms of spherical harmonics, Yl,m(θ, φ) as,
Φ(r, θ, φ, t) =
∑
l,m
e−iωtYl,m(θ, φ)
R(r)
r
(11)
Here, l and m are the angular and the magnetic quantum numbers respectively. ω
is the oscillating frequency of the scalar field. With the decomposition in eq(11), the
Klein-Gordon equation will separate into radial equation given by,
d2R(r∗)
dr2
∗
+
(
ω2 − Vscalar(r∗)
)
R(r∗) = 0 (12)
Here r∗ is the tortoise coordinates which is given by, dr∗ =
dr
f(r)
and Vscalar is given
by,
Vscalar(r) = f(r)
(
l(l + 1)
r2
+
f ′(r)
r
)
(13)
The function f(r) is zero at the event horizon, rh and at the cosmological horizon
rc. Therefore, Vscalar(rh) = Vscalar(rc) = 0. It is not possible to calculate R(r∗)
analytically; we can get an approximation by expanding f(r) around r = rh and
r = rc in a Taylor series as,
f(r) ≈ f ′(rh)(r − rh) (14)
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f(r) ≈ f ′(rc)(r − rc) (15)
Since f ′(rc) < 0, r∗ closer to r = rc can be written as,
r∗ ≈ − 1|f ′(rc)|Log(rc − r) (16)
Hence, for r → rc, r∗ →∞. Since f ′(rh) > 0, r∗ closer to r = rh can be written as,
r∗ ≈ 1|f ′(rh)|Log(r − rh) (17)
Hence, for r → rh, r∗ → −∞. Hence the effective potential Vscalar → 0 when
r∗ → ±∞.
4 QNM frequencies of the scalar field by theWKB
approximations
QNM frequencies of the scalar perturbations can be computed by imposing proper
boundary conditions on the solutions of the eq(12). Usually, eq(12) cannot be solved
analytically. There are few exactly solvable perturbation equations in the literature.
In 2 +1 dimensions, exact QNM values have been found for black holes with a dilaton
field by Fernando [43][44][45].
The boundary conditions imposed for an asymptotically de Sitter black hole space-
time goes like this: the field has to be purely ingoing at the black hole event horizon,
rh and the field has to be purely outgoing at the cosmological horizon, rc. With such
boundary conditions, R(r∗) behaves as,
R(r∗)→ exp(iωr∗); r∗ → −∞(r → rh) (18)
R(r∗)→ exp(−iωr∗); r∗ → +∞(r → rc) (19)
When such boundary conditions are imposed, the resulting frequencies, ω are complex.
As it is clear from section(4.1), the effective potential Vscalar has a peak and acts as a
barrier to the scalar field in the background of the black hole geometry. In this scenario
one can employ the WKB approximation to compute ω. Iyer and Will developed it
for third order in [46] and was extended to sixth order by Konoplya in [47]. WKB
approximation has been employed to study QNM in many papers including [48] [49]
[50] .
In the sixth order WKB approach, QNM frequencies are given by the expression,
ω2 = −i
√
−2V ′′(rm)
(
6∑
i=2
Ti + n+ 1
2
)
+ V (rm) (20)
Here V (r) is the effective potential for the corresponding equations, rm is where V (r)
reach a maximum and V ′′(r) is the second derivative of the potential. Expressions
for Ti can be found in [47].
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4.1 Effective potentials
In this section we will focus on the properties of the effective potential of the scalar
field. Vscalar is plotted for the parameters in the theory,M,Q, l, b and Λ. In Fig(5), the
potential is plotted for various values of the charge Q. When Q increases, the height
of the potential increases. In Fig(6), the potential is plotted for various values of l.
For l > 0, the potential is positive in the region between the horizons and the height
of the potential increases with l. On the left hand side, the potential is plotted for
l = 0. It has a local minimum between the horizons and is negative in one part of the
region. Such behavior for l = 0 scalar field potential is common for black holes with
a positive cosmological constant [48]. In Fig(7), the potential is plotted by varying
the mass. When the mass is higher, the height of the potential is lower. In Fig(8),
the potential is plotted by varying the non-linear parameter b. When b increases,
the height increases. Hence one can conclude that the height of the potential of the
Reissner-Nordstrom-de Sitter black hole is higher than the Born-Infeld-de Sitter black
hole with the same charge. In Fig(9), the potential is plotted to understand how it
behaves with Λ. For higher Λ, the potential has a lower height.
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Figure 5: The figure shows V (r) vs r for massless scalar field for varying charge Q.
Here, Λ = 0.3, b = 1,M = 0.4, l = 2
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Figure 6: The figure shows V (r) vs r for massless scalar field for varying l. Here,
Λ = 0.5, b = 1,M = 0.3, Q = 0.15
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Figure 7: The figure shows V (r) vs r for massless scalar field for varying M . Here,
Λ = 0.3, b = 1, Q = 0.3, l = 2
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Figure 8: The figure shows V (r) vs r for massless scalar field for varying b. Here,
Λ = 0.3, Q = 0.3,M = 0.4, l = 2
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Figure 9: The figure shows V (r) vs r for massless scalar field for varying Λ. Here,
Q = 0.3,M = 0.4, l = 2, b = 1
4.2 QNM frequencies for each parameter in the theory
In this section, we will discuss the QNM frequencies for each parameter in the theory.
It is noted that all calculated values, ωi is negative. Hence the black hole is stable
for the massless scalar field for l > 0. Due to the nature of the potential for l = 0
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case, the WKB approximation cannot be used to calculate the QNM values for that
particular case. Hence all our calculations are for l > 0 and the one for l = 0 case is
left for future studies. Also, unless mentioned the ω is calculated for the fundamental
harmonic n = 0 case.
In Fig(10), ω is presented for varying Q. Both ωr and ωi increases with Q. Hence
the field decay faster for large charge.
Quality Factor: One can define a quantity called the “Quality Factor” or the
Q factor for any resonating system. For a standard harmonic oscillator Q factor
determines the qualitative behavior of the oscillator. A system with low Q factor is
said to be over damped and a system with high Q factor is said to be under damped.
Along those lines, it is interesting to compare oscillatory nature of the scalar field in
the black hole background in this work for various parameters. Here the Q factor is
defined as [51]
Quality Factor =
ωr
2|ωi| (21)
If the Quality Factor is large, then the scalar field is a better oscillator in the given
black hole background.
In Fig(11), the Quality Factor is plotted for varying charge Q. It increases when
Q increases. Hence, the scalar field is a better oscillator for large charge.
Next we computed ω by changing the cosmological constant Λ as is given in
Fig(12). Both ωr and ωi decreases as Λ increases; a black hole with smaller Λ is more
stable for scalar perturbations. When the Quality Factor is observed, one could see
that it decreases with Λ; the scalar field is a better oscillator for small Λ.
We studied the behavior of ω with respect to b in Fig(14) and Fig(15). The real
part of ω increases and reach a stable value for large b. The imaginary part of ω
increases to reach a maximum and then decreases to reach a stable value. Since
for b → ∞, the BIdS black hole behaves like the RNdS black hole, the stable value
is expected to be the one for the RNdS value for the same parameters given by,
ωRNdS = 0.95471 − i0.16272. The BIdS black hole is most stable for the maximum
value of ωi. Also, BIdS black hole oscillates with less frequency compared to the
RNdS black hole. The Quality Factor increases with b. Hence the scalar field is a
better oscillator in the RNdS black hole back ground compared to its behavior in the
BIdS black hole back ground.
Next we analyzed ω with respect to l; ωr and ωi are plotted in Fig(16) for both
n = 0 and n = 1. ωr increases linearly with l where as ωi decreases with l to reach
stable value. The black hole is stable for small l.
In Fig(17), ω vs n is plotted to establish how the black hole oscillates for higher
harmonics. Since the accuracy of the WKB approximation is higher for l > n, we
have chosen l = for this calculation. Here ωr decreases with n; the scalar field
oscillates more for lower harmonics which is opposite for standing waves for a string.
ωi increases with n, and, hence the field decays faster for higher harmonics.
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Figure 10: The figure shows ω vs Q for massless scalar field. HereM = 0.5, l = 2,Λ =
0.2, β = 0.1
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Figure 11: The figure shows Quality Factor vs Q for massless scalar field
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Figure 12: The figure shows ω vs Λ for massless scalar field. HereM = 0.5, l = 2, Q =
0.45, β = 0.2
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Figure 13: The figure shows Quality Factor vs Λ for massless scalar field
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Figure 14: The figure shows ω vs b for massless scalar field. Here M = 0.5, l = 2,Λ =
0.2, Q = 0.45
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Figure 15: The figure shows Quality Factor vs b for massless scalar field
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Figure 16: The figure shows ω vs l for massless scalar field. HereM = 0.7, Q = 1,Λ =
0.2, β = 0.1
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Figure 17: The figure shows ω vs n for massless scalar field. Here M = 0.5, l =
10,Λ = 0.2, β = 0.2, Q = 0.1
5 QNMs from massless test particles and photons
in the eikonal approximation
Motion of massless test particles and photons in the black hole geometry are described
by the null geodesics. In the eikonal limit, i.e. when l >> 1, the QNM frequencies
of a black hole can be determined by the parameters of null geodesics [52] [53]. More
specifically, the angular velocity at the unstable null geodesic, Ωa and the Lyapunov
exponent, λLy are related to the QNM frequencies as follows:
16
ωQNM = Ωal − i(n+ 1
2
)|λLy|, (22)
Here λLy in a dynamical system is a quantity that measure the average rate at which
the nearby trajectories converge or diverge in the phase space. If a system has a
positive Lyapunov exponent, it means that the nearby trajectories are diverging.
Quantitative expressions for Ωa and λLy will be defined at a later stage in this section.
There are several papers which have employed this method for computing QNM
frequencies [54] [55] [56] [57].
In the BIdS black hole space-time, for some sets of values of the parameters, the
effective potential experienced by a massless test particle may present a maxima and
therefore the possibility for the existence of unstable geodesics. The equation for the
null geodesics in the black hole background is given by,
r˙2 + Vnull = E
2, (23)
where,
Vnull =
(
L2
r2
)
f(r), (24)
with L denoting the angular momentum of the test particle and f(r) is the metric
function in eq. (4). The radius at which the effective potential is maximum is found
using the condition that the first derivative of V is zero; this leads to the equation,
2f(r)− rf ′(r) = 0. (25)
The solution to eq(25) is denoted as rnull. Eq(25) for the BIdS metric is simplified to
be,
r − 3M +Q2
√
b
Q
F
[
arccos
(
r2 −Q/b
r2 +Q/b
)
,
1√
2
]
= 0. (26)
In the presence of nonlinear electromagnetic field, the behavior of photons and
massless test particles are not the same. Photons do not follow the null geodesics of
the black hole metric. Instead, they follow the null geodesics of an effective metric
[58] [59], and unstable null geodesics of the corresponding modified effective potential
are not the same as the ones for the BIdS metric with eqs. (4) and (5). The effective
metric in nonlinear electrodynamics, which determines the light ray trajectories, is
given by
ds2eff =
Gm
Ge
[−f(r)dt2 + f(r)−1dr2] + r2dΩ2, (27)
where the factors Ge, Gm, correspond to the electric and magnetic charge modification
introduced by the nonlinear field; they are given by
Ge = 1− 4LFF Q
2
m
L3F r
4
, Gm = 1 + 4LFF
Q2m
LF r4
, (28)
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where L(F ) is the nonlinear electromagnetic Lagrangian and LF , LFF are its first and
second derivatives with respect to F ; here F is the the electromagnetic invariant,
F = 2(B2 − E2). For the BIdS metric, with only electric charge, those factors are
Gm = 1, Ge = 1 +
Q2
b2r4
. (29)
Accordingly, the effective potential for light rays (photons) in the nonlinear electro-
magnetic space-time is given by
Vphotons =
Ge
Gm
(
L2
r2
)
f(r). (30)
Hence the equation for the radius corresponding to the maximum value of the poten-
tial, rnull will be modified as(
Ge
Gm
)(
f ′
f
− 2
r
)
−
(
Ge
Gm
)′
= 0, (31)
which will lead to,
3(r5 − 3Mr4 − Q
2
b2
r +M
Q2
b2
) + 2Λ
Q2
b2
r3 − 4Q2r[r2 −
√
r4 +Q2/b2]
+Q2(3r4 − Q
2
b2
)
√
b
Q
F
[
arccos
(
r2 −Q/b
r2 +Q/b
)
,
1√
2
]
= 0. (32)
In Fig.(18) rnull as a function of the charge Q for massless particles is displayed.
The maxima of the effective potentials for the RNdS and BIdS are compared as a
function of Q. As Q grows rnull decreases. The decreasing of rnull indicates that the
photosphere is closer to the horizon rh. Then for the same charge the photosphere is
closer to the RNdS horizon than to the BIdS one. In Fig.(19) rnull as a function of
the charge Q is shown for BIdS. Comparison is done between rnull for massless test
particles and photons, as a function of Q for different values of Λ. The two upper
curves are for photons while the lower one is for massless test particles. Photons are
in fact affected when Λ varies, while the maxima of the effective potential does not
change with Λ for massless test particles. This effect can be noticed by comparing
eq.(32) for photons with the eq.(26) for massless particles, since Λ does not appear in
the latter. As Q grows rnull decreases. In Fig.(20) the behavior of rnull for photons as
a function of Λ is shown. This is the plot of the root of eq.(32). In this case negative
values of Λ are also included for the sake of completeness. The values of the rest of
parameters are fixed as M = 0.6, Q = 0.6, b = 1.4, and −0.5 < Λ < 0.5.
In the eikonal approximation the Lyapunov exponent for massless test particles is
given by
λLy =
√
−V ′′null(rnull)r2nullf(rnull)
2L2
. (33)
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When V ′′null for the BIdS metric is substituted, the Lyapunov exponent is given by
λ2Ly =
f(r)
r2

3− 12M
r
+
2Q2√
r4 +Q2/b2
+
4Q2
r
√
b
Q
F
[
arccos
(
r2 −Q/b
r2 +Q/b
)
,
1√
2
]

(34)
The above expression evaluated at rnull. In Figs.(21),(22), (23) and (24) the Lyapunov
exponent is displayed for various values of parameters. In Fig.(21) the Lyapunov
exponents of BIdS and RNdS are compared for massless particles. For Q = 0 both
curves start at the same point, that is the Lyapunov exponent of the Schwarzschild-
de Sitter black hole for the same mass. For this case, the values of the parameters
are, M = 0.25,Λ = 0.1, b = 1. The allowed range of Q is shorter for RNdS than for
BIdS: 0 < Q < 0.3. Fig.(22) is similar to Fig.(21) but for a different value of the
mass, M = 0.6. As the mass grows, the behavior of the Lyapunov exponent of BIdS
approaches the one of RNdS.
BIdS RNdS
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
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1.6
1.8
Q
rnull
Figure 18: The figure shows rnull vs Q for massless particles. Here, Λ = 0.1, b = 0.3
and M = 0.6
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Figure 19: The figure shows rnull vs Q. The lower one is for massless particles and
the upper two are for photons. Here, M = 0.6, b = 0.3
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Figure 20: The figure shows rnull vs Λ. Here, M = 0.6, Q = 0.6, b = 1.4 and −0.5 <
Λ < 0.5.
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Figure 21: The figure shows λLy vs Q for massless particles for BIds and RNdS black
holes. Here M = 0.25,Λ = 0.1, b = 1
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Figure 22: The figure shows λLy vs Q for massless particles for BIds and RNdS black
holes. Here M = 0.6,Λ = 0.1, b = 1
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Figure 23: The figure shows λLy vs Q for massless particles for the BIdS black hole
for different values of Λ. Here M = 0.6, b = 1
b=0.1
b=1.
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Figure 24: The figure shows λLy vs Q massless particles for the BIdS black hole for
two values of the BI parameter b = 0.1, 1. Here M = 0.6,Λ = 0.1
For the light trajectories calculated from the effective metric, the Lyapunov ex-
ponent is
λ2Ly =
fr2
2
[
f
r2
Gm
Ge
(
Ge
Gm
)′′
−
(
f
r2
)
′′
]
(35)
here, λLy for the BIdS black hole is given by
λ2Ly =
f
r3(Q2/b2 + r4)
[
−10
3
Q2
b2
Λr3 + (8
Q2
b2
− 12r4)
(
Q2
3
√
b
Q
F (r)−M
)
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+
Q2r
3
[20r2 − 26
√
Q2/b2 + r4] + 7
Q2
b2
r − 3r5
]
, (36)
with F (r) denoting the elliptic function eq.(6).
In Fig.(23) the Lyapunov exponent versus Q is shown for two different values of Λ
for massless particles. As the charge grows the difference diminishes. In Fig.(24) the
Lyapunov exponent versus Q for massless particles is shown for two different values
of b. As the BI parameter b grows the BIdS approaches the RNdS behavior. So far we
found agreement between the QNM at the high-frequency limit and the ones obtained
using the WKB method, that tells us that the frequency of the perturbation does not
influence the black hole response. In summary, the black hole is stable for large Q
and small Λ.
In Figs.(25) and Fig(26) the real part of the QNM are displayed. They are pro-
portional to Ωa. The plots correspond to the following equations, for the massless
test particles,
Ω2a =
f(r)
r2
(37)
evaluated at the roots of eq. (26); while for photons
Ω2a =
Gm
Ge
f(r)
r2
(38)
evaluated at the roots of eq.(32). In Fig.(25), Ωa of BIdS is plotted vs. Q for two
values of the BI parameter, b = 0.05 and b = 0.1 and compared with RNdS. As b grows
Ωa approaches the behavior of RNdS. Nonlinear electromagnetism is to suppresses Ωa.
In Fig.(26) Ωa versus Q is shown for massless particles. Comparison is done for two
different values of Λ. As Λ grows the value of Ωa decreases.
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Figure 25: The figure shows Ωa vs Q for the massless test particles. Here M =
0.6,Λ = 0.1
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Figure 26: The figure shows Ωa vs Q for massless particles. Here M = 0.6, b = 0.1.
In Fig.(27) the Lyapunov exponent corresponding to massless test particles and
photons is compared. In Fig.(28) Ωa for massless test particles is compared with the
one of light rays or photons.
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Figure 27: The figure shows λLy vs Q for photons and massless test particles. M =
0.6,Λ = 0.1, b = 1
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Figure 28: The figure shows Ωa vs Q for photons and massless particles. M = 0.6,Λ =
0.1, b = 1
6 Absorption cross sections at low and high en-
ergy frequency limits
Another important aspect to study when a black hole is perturbed by a test field is
how much of the impinging field is absorbed by the black hole. Accretion rates and
the growth of the mass of a black hole are related to the magnitude of the absorption
cross section. In this section, we will calculate the absorption cross section, in the
low and high-frequency limits, for both the scalar and electromagnetic field via null
geodesics.
The low-frequency absorption cross section for minimally-coupled scalar massless
field of a static black hole has been computed to be equal to the horizon area of the
black hole by Das et.al. [60]
In Fig(29) the area of the event horizon, A = πr2h has been plotted for both the
RNdS and the BIdS black holes for comparison, with M = 1,Λ = 0.01 and b = 0.2.
The BIdS area turned out to be bigger than the one for RNdS. Hence, the absorption
cross section is larger for the BIdS black hole. In this case a distinction is not made
between photons and massless test particles, since the horizon is the same for both
particles.
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Figure 29: The figure shows the area of the event horizon Ah/M
2 vs Q. M = 1,Λ =
0.01 and b = 0.2
In the high-frequency limit the absorption cross section can be considered as the
classical capture cross section generated by the null geodesics in the case of massless
scalar waves. In this limit the absorption cross section is also called geometric cross
section, σgeo, and it is given by
σgeo(scalar) = πβ
2
null =
πr2null
f(rnull)
, (39)
Here, rnull is the radius of the unstable circular orbit obtained from
dVnull
dr
= 0, and
β is the impact parameter given by β = L
E
where L is the angular momentum and
E is the energy of the test particle at infinity. βnull corresponds to the value for the
unstable circular orbit. Vnull and βnull are related by,
Vnull =
E2null
L2null
=
1
β2null
. (40)
For photons, to calculate σgeo, one has to consider the effective metric as was done in
section(5). Hence the corresponding geometric cross section for the photon is given
by,
σgeo(photons) =
πr2null
f(rnull)Ge(rnull)
, (41)
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Figure 30: The figure shows σgeo
M2
vs Q for the massless scalar for BIdS and RNdS
black holes. The continuos curve is for RNdS and the doted one is for BIdS black
hole. Here M = 0.01715,Λ = 0.0973, b = 0.5
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Figure 31: The figure shows σgeo/M
2 vs Q for the massless scalar field and the photons
for the BIdS black hole. The continuos curve is for the photons and dotted is for the
scalar field. Here M = 1,Λ = 0.01, and b = 0.2
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Figure 32: The figure shows σgeo/M
2 vs Q for photons for two values of Λ. Here
M = 1, b = 0.2
In Fig(30) the geometric cross section for massless test particles of RNdS and
BIdS is illustrated as a function of the electric charge Q. The continuous curve is
for the RNdS black hole while the dotted is for BIdS; σgeo is smaller for RNdS than
the one of BIdS. In Fig(31) the geometric cross section for BIdS comparing the one
for massless test particles with the one corresponding to photons is illustrated as a
function of the electric charge Q. The continuous curve corresponds to photons while
the dotted one is for massless test particles. The absorption is higher for massless
particles. In Fig(32) the geometric cross section from BIdS black hole for photons is
illustrated as a function of the electric charge Q and the comparison is done between
two different values of Λ, Λ = 0.01 and Λ = 0.02, as the labels on each curve show.
The geometric cross section increases with Λ.
Decanini et.al [61] showed that the oscillatory part of the absorption cross section
in the eikonal limit can be written in terms of the parameters of the unstable null
circular orbits, the Lyapunov exponent λLy and the angular velocity Ωa as follows:
σosc = −4πλLy
ωΩ2a
e−
piλLy
Ωa sin
(
2πω
Ωa
)
, (42)
where ω is the oscillating frequency of the scalar field. Therefore the high-frequency
limit of the absorption cross section is proportional to the sum of σosc and σgeo,
σhfabs =
πr2null
f(rnull)
(
1− 4λLy
ω
e−
piλLy
Ωa sin
(
2πω
Ωa
))
, (43)
The above is known as the sinc approximation in the literature. Macedo and Crispino
studied absorption cross sections for a massless scalar wave in Bardeen black hole
[62]. They calculated absorption cross section via the sinc approximation as well as
numerically solving the equations for each ω. For Bardeen black hole they showed
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that the sinc approximation agree remarkably well not only at high frequency limit,
but also at the intermediate frequencies.
In the Fig(33) the absorption cross section in the sinc approximation is presented
for massless test particles for RNdS and BIdS, as a function of the frequency ωM . The
BIdS absorption cross section is greater than the RNdS. In the Fig(34) the absorption
cross section in the sinc approximation from massless test particles impinging on the
BIdS black holes, as a function of the frequency ωM , is illustrated for two values of
Λ, Λ = 0.01 and Λ = 0.02. As Λ increases σabs also increases. In the Fig(35) the
absorption cross section for BIdS as a function of ωM is illustrated, comparing the
one for massless test particles and the photons. It can be seen that σabs for photons is
suppressed as compared to massless particles, i.e. the latter are more easily captured
by the BIdS black hole (Figs. 31 and 35).
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Figure 33: The figure shows σabs vs ωM for the massless scalar field for RNdS and
BIdS. The continuous curve is for the RNdS black hole while the dotted one is for
BIdS. Here, M = 1,Λ = 0.01, Q = 0.6 and b = 0.01
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Figure 34: The figure shows σabs vs ωM for the massless scalar field for the BIdS.
Here, M = 1, b = 0.01, Q = 0.6.
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Figure 35: The figure shows σabs vs ωM for the BIdS. Here. the massless test particles
is given in continuous curve with the corresponding one for photons given by the
dotted curve. Here, M = 1,Λ = 0.01, Q = 0.6, b = 0.2
7 Conclusions
In this paper, we have studied Born-Infeld black hole with a positive cosmological
constant (BIdS). These black holes have interesting characteristics so that both time-
like and space-like singularities exists depending on the parameters chosen. The main
purpose of this paper has been to study the QNM’s for the massless and photons.
We also have presented absorption cross sections.
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First massless scalar fields perturbation is analyzed with the WKB approximation.
QNM frequencies were calculated for all parameters, M,Q,Λ, l and b. When Q is
increased, ωr, ωi and the quality factor increases; BIdS black hole is stable for large
charge and it is a better oscillator for large charge. When Λ increases, ωr, ωi and
the quality factor decreases; the black hole is more stable for smaller Λ. When the
non-linear parameter b is increased, ωr increases to reach a stable value; ωi increases
to a maximum and decreases for large b. Hence there is value of b that the black hole
reach it’s maximum stability. The quality factor also increases with b. Hence RNdS
black hole is a better oscillator compared to the BIdS black hole.
When ω is analyzed with respect to l, we observed that ωr increases linearly with
respect to l; ωi decreases and reach a stable value for larger l. Hence the black
hole is more stable for smaller values of l. We also computed ω with respect to
n, the number of harmonics. When n increases, ωr decreases and ωi increases; the
fundamental frequency takes the longest time to decay and the oscillating frequency
is higher for smaller harmonics.
All the WKB calculations were done for l > 0 values. We observed that for l = 0,
the potential has a negative region and a local minima in between the horizons; one
cannot apply WKB method to compute QNM frequencies of l = 0 case. It would
be interesting to apply another method to study the QNM frequencies and see if the
BIdS black hole is stable for l = 0 case.
In the second half of the paper null geodesic of the black hole were employed to
study the QNM frequencies and the absorption cross sections at the eikonal limit.
The real part of ω is proportional to the angular velocity of the null geodesics, Ωa.
The imaginary part of ω is proportional to the Lyapunov coefficient, λLy.
First, QNM frequencies for both massless and photons were calculated via the
angular velocity and the Lyapunov coefficient of the null geodesics. In black holes
with non-linear electrodynamics, the photons follow null geodesics of an effective
geometry. The massless particles follow the usual null geodesics of the black hole
geometry.
When Q is increased QNM’s for the BIdS increases and QNM’s for the RNdS
increases to a maximum and then decreases. When observed ωi with respect to Q,
higher value of Λ has lower ωi similar to what was obtained with the WKB analysis.
For massless particles, ωr increases with Q and the value is higher for larger b (for the
same Q). RNdS black hole has a larger ωr than the BIdS black hole. When plotted
for BIdS black hole alone, ωr is smaller for larger value of Λ.
When λLy is plotted, the photons have a higher value than the massless particles.
Hence the black hole is more stable for electromagnetic perturbations. On the other
hand ωr is larger for the massless particles when compared with the photons.
The absorption cross sections were studied for both BIdS and RNdS black holes.
At low frequencies, the absorption cross section for massless particles is higher for the
BIdS; BIdS black hole is a better absorber of the massless scalar waves.
At higher frequencies, the absorption cross section is given by the geometric cross
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section. Here BIdS black hole has a larger σgeo compared to RNdS for massless
particles. For the BIdS black hole, σgeo is larger for the massless scalar field than for
the photons. Computations are done for the BIdS by varying Λ. When Λ is larger,
σgeo is larger.
The high frequency limit of the absorption cross section was also calculated by
the sink approximation given by σabs. When σabs vs ωM is plotted for the massless
particles, σabs is higher for the BIdS black hole. Also, σabs is larger for higher Λ
for the BIdS black hole. Hence the BIdS absorbed more for larger cosmological
constant. When σabs is compared for the photons and the massless particles, the
massless particles has higher absorption.
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